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The effect of linear thermal expansion on
the temperature coefficient of resistance of
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A general theoretical expression for the temperature coefficient of resistance of double-layer
thin metallic films, based on the well known Fuchs-Sondheimer model, is derived. This
expression includes the linear thermal expansion coefficients and Poisson’s ratios of the
double layers and the substrate, also the film dimensions and temperature coefficient of resist-
ance of the double-layer thin film, with and without the thermal expansion of both the film
layers and the substrate. Numerical calculations are carried out for gold-silver double-layer
films deposited on a glass substrate, where variations in the temperature coefficient of resist-
ance depending on thermal expansion are studied as a function of reduced film thickness. The
computed numerical results, using the derived new expression for the temperature coefficient
of resistance of the double-layer thin metallic films, show that the thermal expansion
decreases the value of the temperature coefficient of resistance.

1. Introduction

The temperature coefficient of resistance of single-
layer thin metallic films has been studied theoretically
[1-6] as well as experimentally [7-15]. All these studies
are based on the well known Fuchs-Sondheimer model
[16, 17] and its developments. The temperature coef-
ficient of resistance, i, is a very important parameter
which is specified for high-performance thin-film resis-
tors [18]. The Fuchs—Sondheimer model for electrical
conductivity was developed and modified for appli-
cation to double-layer thin metallic films [19, 20]. A
general theoretical expression for the temperature
coeflicient of resistance of double-layer thin metallic
films has been derived [21] based on the Fuchs—
Sondheimer model for electrical conductivity [16, 17]
for single-layer and double-layer films [19, 20], taking
into consideration the bulk conductivity, B;, and
dimensions of the double layers. In these previous
studies [21] for f,, the linear thermal expansion of the
substrate and the film layers were neglected for simpli-
city, by assuming that the linear thermal expansion
coeflicients of the film layers and the substrate are
nearly the same. When the thermal expansion of each
film layer differs from that of the substrate and from
each other, then thermal strains cannot be neglected
[22], and must be taken into account to derive a more
exact expression for the temperature coefficient of
resistance.

The aim of this study is to derive a more exact
general expression for the temperature coefficient of
resistance of double-layer thin metallic films, taking
into account the lincar thermal expansion and the
thermal strains, as well as all the other parameters
which were taken into consideration during the
previous derivation of the temperature coefficient of
resistance figr for negligible thermal expansions.
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2. Preliminary definitions

Consider a double-layer thin metallic film consisting
of a base layer and a superimposed overlayer from two
different metals deposited on a non-metallic substrate,
S, asshown in Fig. 1. The surface of the film is parallel
to the plane z = 0, the base layer with surfaces at
z =0 and z = —1, containing metal [, while the
overlayer at z = 0 and z = 1, contains metal 2, where
1, and f, are the thickness of the base and overlayer
respectively. The film layers are supposed to have the
same length { and width w. If the interface between the
two layers is ideally smooth, the conduction electrons
impacting on the interface have two options — reflec-
tion or refraction. The impacting electrons may be
reflected back according to the law of reflection, with
a probability 0, and/or passed through the interface
according to the law of refraction, with a probability
Q. Suppose that the conduction electrons in the layers
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Figure I The geometry of the double-layer thin metallic film depo-
sited onto a non-metallic substrate. The arrows represent the reflec-
tion and refraction of the impacting electrons on the surface and
interface.
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have two different effective masses, m, and m,, Fermi
velocities. Fermi velocities v, and oy,, bulk mean free
paths J, and 4y, and densities #, and #,.

For a firmly attached film-substrate system, it is
assumed that the thermal expansion of the substrate y,
and the thermal expansion of the film length and
width are identical and determined by the expansion
coeflicient of the substrate y, and given by the relation:

=t m
w
where dT is the differential variation in temperature.

The differential variation in temperature d T induces
a differential varation in the film length, width and
thickness beside the thermal strains induced in the
length &q;, width e, and thickness &r; of the film,
which are given by the following relations as:

d/
T 1wdT + &r = (x — x)dT 2
dw
W = 1udT + e, = (x, — xdT 3)
dt _ _ e — Xs
PR ey = 24 I — 5 dar 4)

where y;and y,; u; and y, are the linear thermal expan-
sion and the Poisson’s ratio of the film and substrate
respectively. The temperature coefficient of resistance
Prr and of resistivity fr of the film and Sy, and f, of
the bulk are represented, respectively, as:

1 dR; I der 1 dog

Bre = R—Fﬁ Be = Q_Fgf = - O'_F—d_f
5

1 dR, 1 dg, 1 da,

Bro = ‘ﬁ;ﬁ B = aﬁ = - U_Oﬁ
(6)

where Ry, Ry; 0r. 0, and o, 0, are the resistance,
resistivity and conductivity of the film and the bulk
material, respectively.

3. Effect of thermal expansion
The electrical conductivity of a double-layer thin
metallic film [20] is given by:
t
_-:I—t UOIFI(K7 Pa Q)

O’F =
£ 2

5
_|_
Hh+n

o0, F3(K, P, Q) (7)

where ay,, 0y, and 7,, ¢, are the bulk electrical conduc-
tivity and the thickness of the base and overlayer films,
‘respectively. The functions F|(X, P, Q) and F,(K, P, Q)
are defined in [20, 21] and for simplicity can be written
as F, and F,, respectively. Equation 7 can be rewritten
as follows:

®)

1,0 F.
R = X;—zlo-O]F, (l + 20mia 2>

Loo k)

Taking the logarithmic differentiation of Equation 8
with respect to temperature, then the temperature
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coeflicient of resistance of the double-layer thin metal-
lic film frers, When taking into account the thermal
strains or thermal expansions of the film layers and the
substrate, respectively, can be written as:

B . 1,69 F o)
RS LogFy + Lopk,
din F,  2u, 5 — 7,>
x{1 — R —
< ﬁde BOI I —
4,00 F By,
Lol + hopF,
dlIn F, 2#2X2_X5>
x {1 — + —=1
< Bo, AT By 1 — 1
But
din F, dlnFl_ d In K|
dr  dlnk, dT
dinF, dnk, danZ(lO)
dlnK, dInk, dr
and

X1 — s
oy AL 4
dIn K, (501 # 1 — #1)

= (1)
dIn K — 7
2 (502 — 2, _)iz_ ;‘>

where K, = 1,/Ay and K, = /4y, are the reduced
thickness of the base and overlayer. In the same way,
dIn F,/dT and dIn K,/d In K, can be given by
changing in Equations 10 and 11 the index 2 by 1 and
the index 1 by 2, respectively. Substituting for d In F,/
dT and d In K,/d In K, from Equations 10 and 11,
and for d In F,/dTand d In K,/d In K, into Equation
9, Brrrs can be written as: ‘

5 _ 2t160,F\Bor - dIn F
RIS ™ 460 F, + LoyF, dn K,
togFy + ok, dIn K,

1,001 F By
LogF, + Lopk,

dlnFl>2#1X1-75 j|
X 1+ 2 — = — ]
|:< dInK,/ By 1 — 1
1,00 55 B
ool + topF,

dlan>2ﬂzX1 — Xs :|
x{|l1+ 2 —= -1
[( dinK,) By 1 — iy

(12)

Using the general expression for the temperature

coefficient of resistance, when the thermal expansion

was negligible as derived before [21], fgr takes the
1,00 F\ B <

form:
i dIn F,
hogF, + hopl, d In KX,

ﬁRF =
1,00 F> By, | — dln F, (13)
houF, + ok, \ . din Kk,
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Figure 2 The reduced temperature
coefficient of resistance with ther-
mal expansion fgpers/fy; and
without thermal expansion fgg/
By, as a function of the reduced
film thickness X, for K, = 0.1.

0.2} 4
0.3}
o
and
dinF, 1 - F —W,
dln K, F,
and
dIn F, | — F, — W,
= 14
din K, E, (14
where
W= 2 [ dxGen = ) -2 [0 — DI = Py)
LT g b XX X K, 10

+ D71 + Pod)X, + COY)}] (15)

As defined in [21]; W, can be defined by changing
the index 2 by 1 and 1 by 2 in Equation 15. Using
Equations 12, 13, 14 and 15:

L0601 F1 Boy
toul| + 600 F

X{l L2 ~xs[1 20 - Wl)}}

Bor 1 —
1,60 F5 o,
2(1 — W)
_ 7
(16)

BRFTS = 2ﬂRF -

LhopFy, + hopk,

2#?72”Xs|:
x <l + ——==—=11
{ Boo 1 — 1

4. Numerical results

The gold overgrowth film deposited onto the glass
substrate, which was predeposited by silver films,
forms the double-layer thin metallic film which is
considered for these numerical calculations. Gold and
silver have the same crystal structure, and the interface
between these layers has a negligible effect on the
specularity reflection scattering of the conduction

electrons, which means most of them are transmitted
through the interface. That is, the reflection specularity
parameters P,, and P, are both nearly equal to zero,
and the refraction parameter Q is nearly equal to
unity. The parameters P, and P,, are taken to be
totally specular (P,, = 1) and totally diffuse (P, = 0),
respectively.

For numerical analysis, the following constant para-
meters are used as listed in [23], where the subscripts
1, 2 and s are related mainly to the over-layer gold,
base-layer silver and the substrate, respectively:

linear thermal expansion
¥y = 189 x 107% %, = 13.9 x 107°, y, = 6 x 107°
Poisson’s ratio g, = 0.38, u, = 042, u, = 0.3
bulk conductivity

oy = 4.55 < 10°, 6y, = 6.21 x 10’

bulk mean free path 2, = 523 A, 4, = 390A
bulk temperature coefficient of resistivity
Bor = 41 x 107%, By, = 34 x 10°°

The numerical results of the temperature coefficient of
resistance frers/Por as a function of the reduced thick-
ness K, as calculated from Equation 16, are shown in
Fig. 2 for K, = 0.1 and in Fig. 3 for X, = 0.01. In
Figs 2 and 3, Brers/Bo was compared with fzr/fS,, to
show the role of thermal expansion for the tempera-
ture coefficient of resistance of double-layer thin
metallic films. It is clear that fgprs has the same
character as fzr, but with smaller values.

5. Conclusion
The curves of Figs 2 and 3 exhibit the following
features.
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Figure 3 As Fig. 2, for K, = 0.01.
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1. The deposition of an overlayer of gold onto
a base layer of silver reduces the values of fzr and
Prers, and this decrease is markedly dependent on the
thickness of the overlayer. This result is in good agree-
ment with other theoretical and experimental results
[21, 24].

2. The temperature coefficient of resistance with
effective thermal strains frers €xhibits a size effect
such as frp, without thermal strains. But this size
effect is nearly vanishing for large values of the reduced
thickness K, independent of K.

3. The introduction of the effect of thermal strains
as a result of the difference in thermal expansions of
the film layers and the substrate reduces the value of
the temperature coefficient of resistance of the double-
layer thin metallic film Bgy to become Prers.

4. Brrrs 18 positive and increases with the reduced
thickness of the overlayer K, for a reduced thickness
of the base layer K, = 0.01. This behaviour is the
same as fgg.

5. Brers 18 negative for K; < 0.1, approaches zero at
K, = 0.1, and becomes positive for K, > 0.1. This
occurs for K, = 0.1. The occurrence of a negative
Brers can be related to many causes such as oxidation,
trapped impurities, insulation of the grain boundaries
and small islands, defects, and the variation in thermal
expansion of the film materials and the substrate. The
occurrence of negative fpprg here is related mainly to
the difference in thermal expansions or thermal strains
of the double layers of the film and substrate as studied
for thin films of one material [4, 13, 22, 25, 26, 27]. It
is clear that negative frrrs occurs for small values of
film thickness. Therefore it is thought [28] that the
temperature coefficient of resistance TCR is positive
and approaches the bulk value for thickness of
100 nm. For 10nm, TCR decreases with thickness and
finally approaches zero, becoming negative for film
thicknesses of few nanometres.

6. Thus we conclude that Equation 16 is an accept-
able theoretical expression for the temperature coef-
ficient of resistance of the double-layer thin metallic
film when the variations in resistance with strain are
temperature-dependent.
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